Powders and other granular media are composed of discrete particles and force transmission through a system of particles can only occur via the interparticle contacts. The distribution of contact orientations affects the magnitude of the contact forces which are not uniformly distributed. Since the contact stiffness and contact area are functions of the contact force, the manner in which the contact forces are distributed determines the shear strength, compressibility and conductivity characteristics of granular media. The paper reviews the current understanding of force transmission in granular media as gleaned from both physical experiments and numerical simulations and discusses the mechanical implications.
Introduction
Powders, and other granular media composed of discrete particles, exhibit very complex non-linear, hysteretic, stress-strain behaviour which is both stress level and stress path dependent. The complexity arises from the fact that the ensemble macroscopic response is a function of the spatial, size and shape distributions of the constituent particles and the distributions of other internal variables associated with the interactions between contiguous particles. The macroscopic state of stress is a function of the distribution of contact forces, Thornton and Barnes [1] , and the ensemble moduli are related to the distribution of contact stiffnesses, Thornton [2] . The distribution of contact forces is also relevant to the fracture and crushing of constituent particles. The contact stiffnesses are functions of the contact areas and the distribution of contact areas controls the conductivity of granular media. Since the contact areas and contact stiffnesses are themselves functions of the contact forces, it is of scientific and industrial interest to understand how the intrinsic properties of the constituent particles affects the force transmission in granular media.
For any assemblage of discrete particles subjected to external loading, the transmission of force from one boundary to another can only occur via the interparticle contacts. Intuitively, therefore, we expect that the distribution of contacts will determine the distribution of forces within the system of particles and that the forces will not necessarily be distributed uniformly. Direct observations of stress *Aston Triangle, Birmingham B4 7ET, UK 'Recei\·ed 19 June, 1997 KONA No.l5 (1997) distribution in photoelastic studies of twodimensional arrays of discs have been reported by a number of researchers [3] [4] [5] [6] [7] . Konishi eta! [8] used the same photoelastic technique to examine arrays of oval shaped particles. Photoelastic investigations of dynamic stress wave propagation in disc assemblies have been reported by Rossmanith and Shukla [9] , Shukla [10] and dynamic photoelastic studies of regular arrays of elliptical discs have been performed by Zhu et a! [11] .
In all static photoelastic studies of disc assemblies it has been observed that the load is largely transmitted by relatively rigid, heavily stressed chains of particles forming a relatively sparse network of larger than average contact forces. Groups of particles separating the strong force chains are only lightly loaded. The implication is that, in a random system of particles, the applied load will search for the shortest and most direct transmission path, and the less ziz-zag the chosen pathway the higher the proportion of load that will be transmitted. The existence of strong force chains in threedimensional packings of spheres has recently been demonstrated by Liu et a! [12] .
A more efficient alternative to photoelastic studies of force propagation in granular media is to perform numerical simulations of particle systems subjected to external loading regimes. A well established computational technique, which we have used at Aston since 1980, was developed by Cundall and Strack [13] and is commonly known as the Distinct (or Discrete) Element Method. In their paper, Cundall and Strack [13] simulated a simple shear test reported by Oda and Konishi [7] and demonstrated good qualitative agreement obtained between the numerically simulated force transmission patterns with those obtained in the photoelastic experiment [7] . Sadd et a! [14] have examined wave propaga· tion in granular media using both photoelastic experiments and distinct element simulations. They demonstrated that, by using non-linear hysteretic normal and tangential interaction laws (similar to those used in the Aston version of the TRUBAL code), the relative errors between the experimental and simulated data were less than 15%. 82 
Granular Dynamics
The computational technique may also be described as Granular Dynamics since the interactions between discrete particles are modelled as a dynamic process and the evolution of the system is advanced using an explicit finite difference scheme. The method is similar to Molecular Dynamics but with the difference that particles only interact when in contact and the contact interaction rules are more complex.
Application of the program involves cyclic calculations. At any time t, interparticle force increments are calculated at all contacts from the relative velocities of the contacting particles using incremental force-displacement rules. The interparticle forces are updated and, from the new out-ofbalance force and moment of each particle, new particle accelerations (both linear and rotational) are obtained using Newton's second law. Numerical integration of the accelerations, using a small timestep Lit, provides new velocities which are then numerically integrated to give displacement increments from which the new particle positions are obtained. Having obtained new positions and velocities for all the particles, the program repeats the cycle of updating contact forces and particle locations. Checks are incorporated to identify new contacts and contacts that no longer exist.
In the original 2D simulation code BALL, linear springs and dashpots were used to model the interactions between contiguous particles [1, 13] and, in order to simulate quasi-static deformation, it was necessary to incorporate mass proportional damping terms into the equations of motion in order to dissipate sufficient energy. In the Aston version of the 3D simulation code TRUBAL, the interactions between contiguous particles are modelled by algorithms based on theoretical contact mechanics. Details of the contact mechanics theories used are provided by Thornton and Yin [15] , Thornton [16] . Simulations of quasi-static deformation are performed using a representative volume element, with periodic boundaries, subjected to uniform strain fields and the bulk mechanical properties are calculated directly using statistical mechanics formulations [1, 2] . Mass proportional damping is no longer used in the TRUBAL code. Instead, the particle density is scaled up by a factor of 10 12 in order to provide sufficient inertial damping to permit quasistatic simulations to be performed within a reasonable timescale.
Visualisation of force transmission pathways
Thornton and Barnes [ 1] reported twodimensional simulations of quasi-static shear deformation of a compact polydisperse system of 1000 discs using the BALL code. The particles were initially randomly generated within a prescribed circular area such that there were no interparticle contacts. The boundary of the assembly was located by linking the centres of the peripheral particles to provide a convex boundary which enclosed all the disc centres. Deformation of the system was achieved by applying strain or stress control to the boundary particles, the effects of which then propagated through the system as the system evolved with time. In this way the system was subjected to isotropic compression followed by shear deformation during which the mean stress ( 61 + 62) /2 was maintained constant.
Figure la
shows the force transmission pattern at the start of the shear stage when both the structure and the applied stress field are isotropic. The orientation of the contact forces is shown by the straight lines and the magnitude of each force is indicated by the thickness of the line, scaled to the current maximum force. It is clear from the figure that the force distribution is random. Macroscopically the orientation and distribution of the contact forces are both homogeneous and isotropic (i.e. there appears to be no regional preference regarding concentrations and no preferred contact force orientation). Microscopically, however, the distribution is inhomogeneous. Even when the stress state is isotropic, some contacts transmit forces several times those of others. Large forces tend to be transmitted along chains of particles which form the boundaries of enclosed, approximately circular, regions inside which there are relatively unloaded particles.
When a principal stress difference ( 61 ~ 62) is applied to shear the system of particles, there is a rapid change in the force distribution as shown in Figure lb . Macroscopically the distribution of forces becomes more and more anisotropic. The circular patterns initially formed by the large force chains rapidly adjust to form the boundaries of enclosed regions which are elongated in the direction of the compressive principal strain. The obliquity of contact forces along high force chains is low whereas the ratio of tangential to normal contact force is much higher in the unloaded regions. This indicates that, as confirmed from examining the KONA No.l5 (1997) simulation data, sliding is more likely to occur at contacts that carry small forces. Further discussion of the simulations in terms of the deformation mechanisms associated with the force transmission patterns shown in Figure 1 are provided in [1] .
Using the 3D simulation code TRUBAL, quasistatic deformation tests have been simulated in a periodic cell on polydisperse systems of 8000 elastic spheres. Figure 2 illustrates the contact force transmission through such a system when subjected to an axisymmetric stress state (6J > 62= 63). For clarity, sections through the mid-third of the periodic cell are shown. Figure 2a shows a view in the direction of 61. Although large forces are evident there appears to be no directional bias. This is due to the fact that both the structure and the state of stress are isotropic in the plane orthogonal to the viewing direction. However, when the force transmission is viewed in the direction of 63, as shown in Figure 2b , it is clear that strong force chains exist which tend to align themselves in the 61 direction.
Distribution of contact forces in terms of magnitude
It is necessary to characterise in a quantitative manner the force transmission behaviour described above. In this section, we consider the variation in magnitude only and leave any considerations of orientation until the next section.
Liu et a! [12] used a layer of carbon paper on the inside surface of a cylindrical container to examine the distribution of forces on the base when the container was filled with beads. Their results indicated that the number of contacts carrying a given force decreased exponentially as the magnitude of the force increased. Similar exponential distributions of the contact force magnitude have been obtained in 3D simulations of isotropic compression of small assemblies of binary mixtures of 432 elastic spheres [17, 18] . A simple theoretical model was proposed [12] for the probability distribution of the magnitude of the normal contact forces. The model assumes that the inhomogeneity of the particle arrangement causes an unequal distribution of force transmission between contiguous particles which leads to chains of particles transmitting larger than average forces, as observed in photoelastic disc assemblies. Adopting a stochastic analysis, a mean field solution for the probability distribution P was obtained which may be written in the form Contact force transmission in a 3D array of polydisperse spheres (spheres not shown) during axisymmetric
where <N> is the average normal contact force. Using a different simulation technique from that described in the previous section, Radjai et a! [19] 10°
··.,,
Theoretical model for the probability distribution P of the normalised contact normal force magnitudes (:\I <0:>) given by equation (I) for values of k =I to k cc 12. have examined force networks in two~dimensional systems of rigid spheres. In a rigid sphere array the contact force is not a function of the relative dis· placement of the two spheres forming the contact but is the result of the geometrical configuration of the whole system and the boundary conditions. The simulation technique has been termed the Contact Dynamics Method and is described by Radjai and Roux [20] . From the probability distributions obtained, Radjai et a! [19] found that although the larger than average normal contact forces exhibited an exponential decay, the smaller than average normal contact forces had a power law distribution. They suggested that the probability P N of the nor~ mal forces N takes the form
Similar expressions were obtained for the probability PT of the tangential forces T.
We have performed three dimensional simula~ tions of two polydisperse systems of 8000 elastic spheres subjected to isotropic compression in a periodic cell. The only difference in the particle specifications was.that one system was composed of "hard" spheres and the other of "soft" spheres. The particles in the hard sphere system were attributed with a Young's Modulus, E=70 GPa; a Young's Modulus, E = 70 MPa was specified for the particles in the soft sphere system. Both systems were isotropically compressed to stress levels of 50 kPa, 100 kPa, 200 kPa and 400 kPa. Figure 4 shows that the contact force distributions obtained for the hard sphere system are insen~ sitive to stress level. Superimposed on the figure is the theoretical model given by (1) with k = 3. It can be seen that this simple one parameter model well describes the distribution of the larger than average Contact force distributions obtained at different stress levels for a polydisperse system of hard sheres compared with equation (1) using k=3.
contact forces. In Figure 5 the data is replotted to compare with the alternative correlations given by (2) and (3). The fit to the data shown in Figure 5a was obtained with !5'=2.15 compared to a value of S = 1.4 obtained in the 2D simulations of rigid discs reported in [19] . However, it can be seen that the exponential distribution is only reasonable for contact forces which are more than twice the magnitude of the average contact force. Figure 5b shows that the smaller than average forces tend to follow a power law distribution as suggested by (2) with a= -0.16. Exactly the same exponent was obtained for the soft particle system and the value can be compared with the value of a= -0.3 reported in [19] . The contact force distributions obtained for the soft particle system, Figure 6 , clearly show that the distribution of the larger than average forces depends on the stress level and cannot be represented by the simple exponential relationship provided by (3). In Figure 7 , a comparison of the results of the simulations with the predictions given by (l) for k = 3 and k = 4 suggests that, for soft particle systems, k increases with stress level. Although a fit to the larger than average forces in any one data set may be obtained by adjusting k, the distribution of the smaller than average forces tend to obey a power law which is independent of the elastic modulus of the particles and the stress level. Consequently, from the results of our own simulations, we conclude that there is no simple universal rule to completely characterise the contact force networks in granular media_ KONA No.l5 (1997) 
Distribution of contact forces in terms of magnitude and orientation
Granular media exhibit anisotropic characteristics. Consequently, it is necessary to take into account the contact orientations in order to provide descriptions of the macroscopic stress, modulus and conductive properties. Here we consider only the stress state.
For a large system of particles occupying a volume V the ensemble average stress tensor can be defined in terms of the interparticle contact forces P [1] by the equation (4) where <-> denotes statistical average, i = 1, 3 ; j = 1, 3 and x; defines the coordinates of the contact referenced to the particle centroid. The summation is performed over the M contacts in the system, each contact being counted twice. For discs or spheres, the contact forces may be partitioned into their normal and tangential components (N,T) so that P;=Nn;+ Tt; where n; are the direction cosines of the unit contact normal vector and the vector t; defines the direction of the relative tangential velocity at the contact. Also, the coordinates may be expressed in terms of the particle radius x;=Rn; and (4) may be rewritten in terms of the normal and tangential force contributions to the stress tensor (5) where 86 (6) Since n;n;=1 and n;t,=O, (6) may also be written as [< RNn;nj> <RTn;tj>J-(N + T ) (7) 6u= 6kk RN
where (8) It follows from (7) that the anisotropy of the normal force contribution 6~ is defined by the tensor Nu which characterises the orientational distribution of contact normal forces. We may approximate the actual distribution with a continuous distribution by introducing a probability density function P (n)
which satisfies the conditions (10) The probability density function may be represented by a Fourier series expansion expressed in terms of even rank tensors [ Hence, we see that the orientational distribution of the normal contact forces may be represented by a tensorial Fourier series whose coefficients are functions of the deviatoric components of the normal force contribution to the stress tensor. The Fourier approximations to the normal contact force distribution may be further illustrated by polar diagrams, as shown in Figure 8 . Figure Sa shows the Fourier approximation to the normal contact force distribution during axisymmetric compression (61 > 6z= 63). The distribution is clearly anisotropic and reflects the fact that the large contact forces tend to align in the 61 direction, as seen in Figure 2 , and that contact separation tends to occur in directions orthogonal to the direction of 61. The 3D shape may be described as a peanut. ate principal stress a2 varies.
LP(n)dQ=1 and P(n) =P(-n)

Force transmission during shear deformation
When subjected to an isotropic state of stress the tangential contact force contribution to the stress tensor is zero. Although tangential contact forces exist, the distribution of positive and negative shear directions is self-cancelling in the statistical averaging. During shear, the tangential contact forces contribute only to the deviatoric part of the stress tensor ; the normal contact forces contribute to both the isotropic and deviatoric parts.
Thornton and Sun [22, 23] reported numerical simulations of two polydisperse systems of 3620 elastic spheres, one dense the other loose, in which the mean stress, (a,+ a2+ a3) /3 = 100 kPa, was maintained constant during shear. Figure 9 shows the evolution of the deviator stress (a,-a3), the normal contact force contribution to the deviator stress (a,-a3 Evolution of the deviator stress (cr,-cr,), the normal contact force contribution to the deviator stress (cr,-o-3 )"' and the tangential contact force contribution to the deviator stress (o-1 -o-3 ) T during axisymmetric compression of a dense polydisperse system of elastic spheres.
contribution to the deviator stress (a,-a3) T during axisymmetric compression (a2= a3) of the dense system. It is clear from the figure that the mobilised deviator stress is primarily a function of the normal force contribution and that the tangential force contribution is small. The results shown are for a coefficient of interparticle friction f--1. = 0.3. Increasing the interparticle friction increases the tangential force contribution but also increases the normal force contribution which remains the major contribution to the stress tensor. Similar trends were observed for the loose system_ Results of recent, unpublished, numerical simulations indicate that this is also true for systems of non-spherical particles. During shear, the distribution of contact orientations becomes anisotropic primarily due to contact separation in directions approximately orthogonal to the direction of the major principal stress and consequently, in dense systems, the total number of contacts decreases. The average number of contacts per particle, the coordination number, is normally defined by Z=2M/V. However, in all simulations it is found that there are always a number of particles which have only one or no contacts and, hence, such particles do not contribute to the force transmission through the system. Consequently, we define a mechanical coordination number (14) where N, and No are the number of particles with only one or no contacts respectively. Figure 10 shows the evolution of the mechanical coordination number during axisymmetric compression for both dense and loose systems. It can be seen that after a 1-. small amount of straining the mechanical coordination number becomes essentially constant and independent of the initial packing density, irrespective of whether the system is expanding or contracting. This reflects an underlying stability requirement and corresponds, in statistical physics terminology, to a percolation threshold. If the coefficent of interparticle friction is increased, the critical mechanical coordination number decreases.
In other simulations which we have carried out we have found that the critical mechanical coordination number can momentarily drop below the critical value [24] . Since we impose a uniform strain field in periodic cell simulations, the critical coordination number is regained but fluctuations continue to occur. These fluctuations are coincident with fluctuations in the stress-strain curve and with transient jumps in the fluctuating kinetic energy density (granular temperature) which may be of one or two orders of magnitude. This phenomena indicates local transient instabilities in the columns of particles transmitting the larger than average contact forces. In the presence of real boundaries, we anticipate that strain localisation may occur when the mechanical coordination number falls below the critical value.
Concluding remarks
It has been demonstrated that, in granular media, load is transmitted primarily along relatively rigid, heavily stressed chains of particles forming a relatively sparse network of larger than average contact forces. Drawing an analogy with percolation theory, the heavily stressed chains of particles form the backbone to the percolating cluster. The distribution of the magnitude of the larger than average 88 contact forces is exponential but for general states of stress it is necessary to account for the orientations of the contact forces by adopting a tensor representation of the force network. Nevertheless, it is the rapid development of strong force chains aligned in the direction of the major axis of compression that results in the deviator stress being primarily related to the normal contact force contribution to the stress tensor.
From our numerical simulations we observe that the system of particles acts in a way similar to that of a highly redundant space structure. There is a multiplicity of pathways along which force trans· mission may be achieved in order to establish a stable stress state. In order to achieve a stable state of stress it is not necessary that all the possible pathways are used. Hence, the system does not use all the potential pathways but naturally optimises the selection to match the loading direction. If the loading direction is suddenly changed then there is a rapid reselection of a more appropriate and efficient set of pathways. In terms of statistical physics, this is a percolation problem and the system can be considered to be self-organising. This self-organised optimisation of the force transmission is reflected in a critical value of the mechanical coordination number which corresponds to a percolation threshold. If the mechanical coordination number falls below the critical value then instabilities occur.
Numerical simulations have shown that increasing the interparticle friction does not produce a sigificant increase in the amount of energy dissipated but decreases the percentage of sliding contacts and reduces the value of the critical mechanical coordination number. This demonstrates that friction is, primarily, a kinematic constraint which permits reorientation of force transmission paths without undue particle rearrangement. Enhanced friction at the contacts increases the stability of the system and reduces the number of contacts required to achieve a stable configuration. When sliding does occur it tends to be at the relatively unloaded contacts in the regions between the chains of parti· cles carrying the larger than average contact forces. Consequently the tangential contact force contribution to the stress tensor is small and the shear strength mobilised is primarily due to the development of the strong force network rather than due to work done in sliding particles over each other as implied in traditional soil mechanics.
Finally, it should be said that the above is true for "hard" particle systems but "soft" particle systems, and mixtures of hard and soft particles, may behave differently. Consider an equivalent space lattice which is composed of "branches" joining the centres of contacting spheres. Even when each branch has the same stiffness the effective stiffness depends on the direction of the applied loading. If we consider a hard sphere system, the space lattice consists, in effect, of a random array of stiff springs. Under load, branches which are favourably orientated will pick up the load with very little reduction in the branch length. Consequently, the load is not shared with other less favourably oriented branches. This leads to the type of force transmission networks described in Section 3. In contrast, the space lattice representing the soft particle system consists of a random array of highly compressible springs. Even though it will be the most favourably orientated branches which will initially pick up the load, the reduction in branch length as the applied loading is increased will permit load transfer to other less favourably orientated branches. Hence, in soft sphere systems, the force transmission is more uniformly distributed. However, we have observed that at very low stress levels the force transmission through soft particle systems is exponential, indicating that the force transmission also depends on stress level. At sufficiently high stress levels it is anticipated that hard particles will deform plastically and the force distribution will become more uniform. Since 1980 his reseach has focussed on the micromechanics of granular media and computer simulations of particle systems which have been applied to quasi-static shear deformation, hopper flow, particle/wall collisions and the coalescence, attrition and fracture of agglomerates.
